Abstract. We introduce a notion of constructibility forétale sheaves with torsion coefficients over a suitable class of adic spaces. This notion is related to the classical notion of constructibility for schemes via the nearby cycles functor. We use the work of R. Huber to define an adic Verdier dual and investigate the extent to which we have a 6-functor formalism in this context. Lastly, we attempt to classify those sheaves which are reflexive with respect to the adic Verdier dual.
Introduction
In the early 1960's, motivated by the question of uniformizing elliptic curves with split multiplicative reduction over a non-Archimedean real valued field, Tate introduced the theory of rigid analytic spaces and a robust formalism within which one could discuss a notion of coherent sheaves. Since the introduction of rigid geometry, there have been other significant theories of non-Archimedean geometry, namely -the theory of formal schemes outlined by Raynaud, the theory of Berkovich spaces and Huber's adic spaces, each of which was developed with a different goal in mind. Berkovich's theory provides one with non-Archimedean analytic spaces with nice topological properties whilst adic spaces were introduced to better understand theétale cohomology of rigid varieties.
Anétale cohomology theory for non-Archimedean spaces seeks to prove analogues of the classical theorems that hold true in theétale cohomology of algebraic varieties such as finiteness results, base change theorems, Poincaré duality, Kunneth formula... Despite the advances made by Berkovich and Huber, we do not yet have a suitable theory of constructible sheaves for non-Archimedean spaces. If we were to imitate the classical definition and require that constructible sheaves be those for which there exists a semi-analytic stratification such that the restriction of the sheaf to each element of the strata is finite locally constant then it is not true that this class of sheaves is stable by pushforwards, cf. [24] . In fact it was only recently shown that if X is a compact strictly k-analytic space then the groups H q (X, Z/ℓZ) ∼ = H q c (X, Z/ℓZ) are of finite dimension (cf. [7] , [8] , [9] ) where k is an algebraically closed complete non-Archimedean real valued field and ℓ is a prime number different from the characteristic of the residue field k. In the language of adic spaces, if f : X → Y is smooth and quasi-compact then there is a theorem of stability for R q f ! with respect to a certain class of constructible sheaves, cf. [19] , and in the case that dim(Y ) ≤ 1, and f : X → Y is only quasi-compact, we have results of stability by R q f * (in characteristic 0) and R q f ! for another class of sheaves (cf. [21] , [20] , [22] ). The focus of this paper is to discuss a notion of constructibility that generalizes the constructions of Huber and Berkovich and to study the extent to which one has a six functor formalism in this context. We also attempt to relate our notion of constructibility to reflexivity with respect to the adic Verdier dual. More precisely we conjecture that semi-constructible sheaves coincides with reflexive sheaves, while also verifying this conjecture in some particular cases. This is in the spirit of some upcoming work of P. Scholze. where Λ := Z/ℓZ for some prime ℓ different from char(k).
1.2.
Constructible and semi-constructible complexes. Our notion of semiconstructibility is motivated by the isomorphism (1) above. We say that a complex F ∈ D b (X f et , Λ) is semi-constructible if after pulling back to any object U of X f et , the image of F via the nearby cycles functor Rψ U (F |U ) is constructible for every formal model U of U . The class of semi-constructible sheaves is not stable for pullback (cf. Proposition 4.26). We get around this issue by defining a constructible sheaf to be a semi-constructible sheaf that is stable for pullbacks along morphisms f : Y → X where Y is a fine L-adic space for some non-Archimedean algebraically closed complete field extension L of k. The precise definition can be found in §3. 1 .
In §3, we show that the class of constructible sheaves described above has reasonable properties. Firstly, the class of constructible sheaves is large enough to include both Huber's notion of constructibility (cf. Remark 3.2) and those introduced by Berkovich in [9] . In Proposition 3.7, we prove that this class is stable for pushforwards and the lower shriek functor. It is natural to ask if the properties of being semi-constructible or constructible are local for the fineétale topology. We answer these questions in the affirmative in Theorem 3.12 and §3.2. A powerful tool that we use to prove these results is an inductive construction from [7] which we adapt to the adic setting (cf. Lemma 3.11).
Huber's definition of constructibility preserves the spirit of the classical construction in that he requires that his sheaves be finite locally constant along certain stratifications. We provide an alternate characterization of constructibility that shows the definition introduced above is similar in spirit to the classical definition. Firstly, in Proposition 3.13, using an argument from SGA 4.5, we show that anétale sheaf G of Λ-modules on a k-variety Z is constructible if and only if H 0 (Z ′ et , g * (G )) is finite where Z ′ is a K-variety 1 and g : Z ′ → Z is a morphism of schemes that is the composition of a morphism of K-varieties Z ′ → Z K followed by the projection Z K → Z. Theorem 3.12 tells us that much like in the case of varieties, the constructible sheaves we are interested in must satisfy a strong finiteness property. More precisely, we show that a sheaf F is constructible if and only if for every q, H q (Y f et , f * (F )) is finite, where Y is a fine L-adic space 2 and the morphism f : Y → X is the composition of a morphism of fine L-adic spaces Y → X L followed by the projection X L → X.
Let f be a morphism between fine k-adic spaces. The following Moreover we have inclusions of categories {Huber constructible} ⊂ {constructible} ⊂ {semi-constructible} ⊂ {reflexive-sheaves} 1 The field K is an algebraically closed field extension of k. 2 The field L is a non-Archimedean algebraically closed complete field extension of k.
where the first two inclusions are typically strict and the last inclusion is conjectured to be an equality.
1.3.
Counterexamples. The affirmative entries in the table above are justified with proofs and we provide counterexamples for the negative entries. There are three principal counterexamples. In §4.1, we provide an example of a morphism f : X → Y of fine k-adic spaces and a sheaf F on Y such that f ! (F ) is not Huber constructible. This example was suggested to us by R. Huber. More precisely, we take X to be a singular curve over the field k and then show that p ! X ad (Λ) is not a complex whose cohomology is Huber constructible. On the other hand, p ! X ad (Λ) is a constructible complex. In §4.3, we give an example of a sheaf F on the adic unit disk X such that the adic Verdier dual D ad (F ) is not a constructible complex. This example was suggested to us by P. Scholze. The sheaf F is an infinite direct sum of the form ⊕ i∈N F i where for every i ∈ N, F i is a constructible sheaf. An important fact to verify is that for any morphism f : Y → X of fine k-adic spaces and any j ∈ N, we have that for all but finitely many i ∈ N, H j (Y, f * (F i )) = 0. Since the Verdier dual of a semi-constructible sheaf is semi-constructible, this construction gives us anétale sheaf on the adic unit disk which has infinite stalk at the origin but whose nearby cycles are constructible In §4.3.2, we find constructible sheaves F and G on the adic unit disk X such that F ⊗ L G is not semi-constructible. This is a variation of the example described above and makes crucial use of results in [21] . Question : Can the adic Verdier dual dual of F be described in terms of the nearby cycles of F and its pullbacks alongétale morphisms ?
In §4, we answer this question by proving that D ad (F ) can be recovered from the data of the nearby cycles Rψ U (F |U ) where U → X is an object in X f et and U is a formal model of U . More precisely, we show in Proposition 4.2 that for aný etale morphism U → X of fine k-adic spaces,
where U is any formal model of U . It can be shown that the association U → RΓ(U s , Rψ U (F |U )) is a well defined presheaf on X f et which takes values in the derived category of bounded complexes of Λ-modules. In fact, using techniques from the theory of ∞-categories, one can show without alluding to f ! that this recipe fully defines a complex in D b (X f et , Λ). From the discussion above, it should not be surprising that we prove in Theorem 4.4, the identity
The adic Verdier dual does not preserve constructible sheaves, however it does preserve semi-constructibles. As in the classical case, we prove in Lemma 4.6 and Corollary 4.7, that it behaves nicely with respect to the functors Rf * , Rf ! and f
! . An important point to note is that the dualizing complex is a constructible complex. We prove this using an adic version of the classical cohomological descent argument (cf. §4.2.1) akin to [9, §1.2].
1.5. Classification of reflexive sheaves. In some upcoming work, P. Scholze shows that the notion of reflexive sheaves turns out to be a suitable framework for the sheaves appearing in Fargues' conjecture, cf. [16, Conjecture 4.4] . More precisely, for G a quasi-split reductive group over Q p there is a diamond stack in groupoids Bun G whose points are the G-torsors over the relative Fargues-Fontaine curve. Scholze proves that there is a fairly simple characterization of reflexive sheaves over Bun G : namely they are the sheaves whose stalks are admissible representations. The need to work with reflexive sheaves in this setting is highlighted by the fact that the typical sheaves appearing in Fargues' conjecture have infinite dimensional stalks. For this reason the classical notion of constructibility is not sufficient.
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Notation: For the remainder of the article, unless otherwise stated, we fix an algebraically closed non-Archimedean real valued field k.
The fine topology on an adic space
Our goal in this section is to provide a short introduction to the theory of adic spaces. We then proceed to define the category of fine adic spaces which will form the focus of the sections that follow. Our primary references are R. Huber's book [19] and P. Scholze's article [26] .
2.1. Adic spaces.
Huber rings.
Definition 2.1. A Huber ring is a topological ring A that contains an open subring A 0 such that there exists a finitely generated ideal I ⊂ A 0 and the family {I n |n ∈ N} forms a basis of open neighbourhoods of zero. We call any such ring A 0 a ring of definition of A while any ideal I that satisfies the property above is referred to as an ideal of definition.
Example 2.2.
(1) Let k be a non-Archimedean field. The valuation ring k 0 := {x ∈ k||x| ≤ 1} is a ring of definition of k and the ideal generated by any element π ∈ k 0 such that |π| < 1 is an ideal of definition. There is a large and interesting class of Huber rings that are also k-algebras, namely the Tate algebras defined over k. It can be checked easily that the algebra k X 1 , . . . , X n /I is a Huber ring where I ⊂ k X 1 , . . . , X n is an ideal. Such examples of Huber rings where the ideal of definition is generated by a topologically nipotent unit in the ring are called Tate Huber rings. Henceforth, we will assume that all affinoid rings under consideration are complete.
Example 2.4. Example 2.2 can be generalized to an arbitrary base ring that is Huber (leading to the notion of topologically of finite type). Let A be a Huber ring and M = (M 1 , . . . , M n ) be a tuple of finite subsets of A such that for every i,
v |for every open set U in A, we have that for all but finitely many indices,
n . We endow A X 1 , . . . , X n M with a topology such that the sets
. . , X n M . It can be checked that A X 1 , . . . , X n M is a Huber ring. Suppose we are given a ring of integral elements A + ⊂ A. We can define a ring of integral elements in A X 1 , . . . , X n M as follows. Let B := {Σ v∈N n a v X v |a v ∈ M v · A + } and C denote the integral closure of B in A X 1 , . . . , X n M . We then have that (A X 1 , . . . , X n M , C) is an affinoid ring.
Given an affinoid ring (A, A + ) we can associate to it a locally topologically ringed topological space which we denote Spa(A, A + ).
Definition 2.5. (Locally topologically ringed spaces) Let (V ) denote the category of triples (X, O X , (v x |x ∈ X)) where X is a topological space, O X is a sheaf of complete topological rings and for every x ∈ X, v x is an equivalence class of valuations on the local ring
is a continuous map f : X → Y and a morphism of sheaves of topological rings φ : O Y → f * (O X ) such that for every x ∈ X, the induced morphism of topological local rings φ x : O Y,f (x) → O X,x is compatible with the valuations v f (x) and v x respectively, i.
Let Spa(A, A + ) be the set of continuous valuations (up to equivalence) on v : A → Γ ∪ {0} such that v(a) ≤ 1 for every a ∈ A + . We equip Spa(A, A + ) with the topology generated by the sets {x ∈ Spa(A, A + )||a(x)| ≤ |b(x)| = 0, a, b ∈ A}. The space X := Spa(A, A + ) can be endowed with a structure presheaf O X by specifying its values on so-called rational subsets of X and then extending this definition in a natural way to include all open sets in X . Definition 2.6. (Rational subsets) Let X = Spa(A, A + ) where (A, A + ) is an affinoid ring. Let T ⊂ A be a finite set of elements such that
A set of this form is referred to as a rational subset of X. Proposition 2.7. Let (A, A + ) be an affinoid ring and satisfies one of the following conditions.
(1) The ring A is discrete.
(2) The ring A is finitely generated over a Noetherian ring of definition. 
Definition 2.9.
(1) An affinoid adic space is an object in the category (V ) that is isomorphic in (V ) to a space of the form Spa(A, A + ). (2) An adic space is an object of the category (V) that is locally isomorphic to an affinoid adic space.
2.1.3.
Morphisms of adic spaces. (a) Let h : A → A X 1 , . . . , X n M be the canonical morphism. We have that f = g • h. (b) In Example 2.4, we defined a ring of integral elements C ⊂ A X 1 , . . . , X n M such that h(A + ) ⊂ C. We then have that B + is the integral closure of g(C).
(2) A morphism f : X → Y of adic spaces is said to be locally of finite type if for every x ∈ X, there exists affinoid open neighbourhoods U of x and V of f (x) with
) is topologically of finite type. A morphism of adic spaces is of finite type if it is locally of finite type and quasi-compact i.e. the pullback of a quasi-compact open is quasi-compact.
We fix a non-trivially valued non-Archimedean field k that is algebraically closed. Remark 2.11. A k-adic space is an adic space X along with a structure map
the category of k-adic spaces. Observe that if X is a k-adic space and x ∈ X then there exists an affinoid neighbourhood U of x such that O X (U ) is Tate. Hence, a k-adic space is a particular instance of an analytic adic space.
As stated earlier, we would like to define a sub-category of the category of kadic spaces which possess certain favourable properties. Before doing so, we briefly discuss the notion of a separated morphism. Definition 2.12. A morphism f : X → Y of adic spaces which is locally of finite type is said to be separated if the image of the diagonal map is closed i.e. if ∆ :
Remark 2.13. If f : X → Y is separated then the morphism ∆ : X → X × Y X is a homeomorphism of X onto its image. Indeed, it suffices to show that the morphism ∆ is closed. Let Z ⊂ X be a closed set and let ∆(Z) denote its closure in X × Y X. Since f is separated ∆(Z) is contained in ∆(X). We claim that ∆(Z) = ∆(Z). Suppose there exists z ∈ X such that ∆(z) ∈ ∆(Z) ∆(Z). As Z is closed in X, we have that there exists an open set O in X that contains z and is disjoint from
. Hence ∆(z) cannot lie in ∆(Z) and this contradicts our initial claim.
Lemma 2.14. Let f : X → Y and g : Y → Z be locally of finite type morphisms of k-adic spaces. Suppose g • f is separated. Then so is f .
Proof. Since g • f is separated, it is also quasi-separated. We show first that f is quasi-separated. This is equivalent to saying that the diagonal morphism ∆ f : X → X × Y X is quasi-compact. To show that ∆ f is quasi-compact, we show that there exists an affinoid covering
We choose affinoid coverings {C t } of Z, {B s } of Y and {A r } of X such that for every r there exists s such that the image of A r is contained in B s and for every s, the image of B s is contained in C t for some t. Furthermore, for every s, f −1 (B s ) is covered by some sub-family of elements in {A r }. It follows that X × Y X is covered by sets of the form A r1 × Bs A r2 which is affinoid by construction. The pre-image of A r1 × Bs A r2 in X is A r1 ∩A r2 which is quasi-compact because the map X → Z is quasi-separated and hence after choosing an appropriate t, the preimage of A r1 × Ct A r2 in X which is A r1 ∩ A r2 is quasi-compact
To complete the proof, we use Huber's valuative criterion for separatedness, cf. [19, Proposition 1.3.7] . Let (x, A) be a valuation ring of X and suppose that it possesses two distinct centers Finally, the morphism f is quasi-compact by Lemma 2.16.
Lemma 2.16. Let f : X → Y and g : Y → Z be locally of finite type morphisms of k-adic spaces such that g • f is quasi-compact and g is quasi-separated. Then f is quasi-compact.
Proof. The proof is formal. Observe that f factorises as X 
Since g is quasi-separated, ∆ g is quasi-compact and again by base change (1, f ) is quasi-compact. The composition of quasi-compact morphisms is again quasicompact and this proves the lemma.
As outlined in the introduction, we develop a theory of constructible sheaves via the nearby cycles functor which requires that the adic spaces we deal with admit quasi-compact formal models. Hence, we restrict our attention to a sub-class of adic spaces which we call fine. Definition 2.17. Let F ine k−ad denote the category of fine k-adic spaces. The objects of F ine k−ad are separated finite type k-adic spaces and the maps between objects are morphisms of k-adic spaces.
Lemma 2.18. The category F ine k−ad admits fiber products and the canonical functor F ine k−ad → k − ad preserves fiber products.
Proof. First, note that by Lemma 2.15 and [19, Proposition 1.2.2(a)], fiber products of fine k-adic spaces exists in k−ad. Hence, it suffices to verify that the fiber product of fine k-adic spaces in the category of k-adic spaces is fine. Let X, X ′ and X ′′ be fine k-adic spaces sitting in a cartesian diagram
Since (1) A morphism (R, R + ) → (S, S + ) of affinoid k-algebras is called finiteétale if S is a finiteétale R-algebra with the induced topology and S + is the integral closure of R + in S. . We would like to make use of these constructions for fine k-adic spaces. Lemma 2.23. Let Z be a k-adic space, which is not necessarily fine. Suppose there is anétale morphism g : Z → X. Then there exists anétale covering Z i → Z such that the Z i are fine k-adic spaces.
Proof. Anétale morphism is by definition locally of finite type (in fact it is locally of finite presentation). Thus Z is locally of finite type over k and so we can take a covering g i : Z where j is an open embedding and p is finiteétale. In particular g • g i | Zij is separated. Thus the the Z ij are fine k-adic spaces and cover Z.
Theorem 2.24. Let φ : X → Y be a morphism of fine k-adic spaces. There exists a functor
et , Λ) which satisfies the following properties.
( 
there is a functorial isomorphism
In particular, the functor φ ! is right adjoint to Rφ ! .
Proof. We claim that dim.tr(φ) < ∞. Indeed dim.tr(φ) = dim(φ) ≤ dim(X), where the first equality follows from [19, Corollary 1.8.7(ii)]. But X is in particular quasicompact and so we can assume X is affinoid. The claim then follow from Lemma 1.8.6 in loc.cit. The theorem then follows from Theorem 7.1.1 in loc.cit., Lemma 2.15 and Proposition 2.22.
Formal schemes.
The theory of formal schemes allows us to relate theétale site of a fine k-adic space and theétale sites of certaink-varieties (herek is the residue field of k). We refer the reader to [27, §2.2] for more details on how to describe the generic fiber of a formal scheme. In what follows, we provide a brief introduction to formal geometry and define theétale site of the formal schemes we will be interested in. We end the subsection by introducing the nearby cycles functor, the properties of which we exploit later on.
2.4.1. Affine formal schemes. We make use of the following notation. Let k 0 := {x ∈ k||x| ≤ 1} and k 00 := {x ∈ k||x| < 1} (so thatk = k 0 /k 00 ). The ring k 0 is referred to as the ring of power bounded elements of k while k 00 is called the ring of topologically nilpotent elements of k. We will restrict our attention to formal schemes defined over k 0 . We fix a topological nilpotent element π that is non-zero if the valuation on k is non-trivial and zero if it is trivial.
As in classical algebraic geometry, a formal scheme over k 0 is obtained by glueing together affine formal schemes while an affine formal scheme over k 0 is the formal spectrum of a k 0 -algebra topologically of finite presentation where the topology is defined by (π).
Definition 2.26.
(1) Let X 1 , . . . , X n be a set of variables. We define the ring of restricted power series over k
(2) A k 0 -algebra A is topologically of finite presentation if for some n ∈ N, A is isomorphic to k 0 X 1 , . . . , X n /I where I is a finitely generated ideal in
We often simplify notation by setting X := (X 1 , . . . , X n ) and using k 0 X to denote the algebra k 0 X 1 , . . . , X n .
Remark 2.27. Observe that
Definition 2.28. Let A be a k 0 -algebra which is topologically of finite presentation. We define the formal spectrum of A to be
where A m := A/(π m ) and the limit is taken in the category of locally ringed spaces.
Given a k 0 -algebra A which is topologically of finite presentation, one can think of Spf(A) as a topological space Spec(A × k 0k) along with a structure sheaf that contains information about an infinitesimal neighbourhood of Spec(A × k 0k). We refer to Spec(A × k 0k) as the special fibre of Spf(A).
Definition 2.29.
A formal scheme over k 0 is a locally ringed space that is locally isomorphic to an affine formal scheme of the form Spf(A) where A is topologically of finite presentation. A morphism of formal schemes is a morphism of locally ringed spaces.
Remark 2.30. Let X be a k 0 -formal scheme. We can associate to X ak-scheme X s which we call the special fibre of X and an adic space X η over k which we call the generic fibre of X. Suppose X was of the form Spf(A) then X s is the scheme Spec(A ⊗ k 0k) and X η is the adic space Spa(A, A) × Spa(k 0 ,k 0 ) Spa(k, k 0 ). In general, the special fibre (generic fibre) of a formal scheme X is obtained by glueing together the special fibres (generic fibres) of a family of affine formal schemes which cover X. In such a situation, we say that X is a formal model of X η . If X is separated and quasi-compact over k 0 then X η is a fine k-adic space while X s is a variety over k.
2.4.2.
Étale site of a formal scheme. Let X denote a formal scheme over k 0 with structure sheaf O X . Let X n be the scheme
Definition 2.31. A morphism of formal schemes over k 0 , φ : X → Y isétale if for every n ∈ N, the induced morphism of schemes φ n : X n → Y n isétale.
Proposition 2.32. Let X be a k 0 -formal scheme.
(1) The correspondence Y → Y s induces an equivalence between the category of formal schemesétale over X and schemesétale over X s . 
Nearby cycles functor.
Definition 2.33. (Nearby cycles functor) Let X be a fine k-adic space and X be a formal model of X. We have the following functor:
Lemma 2.34. Let Λ be a torsion ring. Let f : X → Y be a morphism of fine k-adic spaces. Let X and Y be formal models of X and Y . We suppose that there exists a morphism f : X → Y such that the induced morphism f η between the generic fibres coincides with f . Let f s : X s → Y s denote the morphism between the respective special fibres. For
Proof. The main ideas can be found in [19, §3.5] . By Corollary 5.1.13 in loc.cit. f has a compacitification f = g • j where j : X → X
′ is an open embedding and
, there exists formal models X 1 and X ′ of X and X ′ respectively such that we have an admissible blow-up b : X 1 → X, a morphism of formal schemes
Here g is the generic fibre of g and by [19 
By Corollary 3.5.11(ii) in loc.cit., we see that
We show that
. By Grothendieck's theorem on the composition of derived functors, it suffices to verify that
. We need only check that g s • ν X ′ = ν Y • g as a morphism of sites . This reduces to checking that for a formal scheme
This can be further reduced to the case when the formal schemes are all affine, in which case the identity is clear. Since f 1 = g • j, we have thus shown that
where
Since, b is an admissible blow up, we get that
Since b s is proper and using the isomorphism Rb s * • Rψ X1 → Rψ X we deduce that
and X be a formal model of X. We then have that Rψ X (F ) is a bounded complex on X s,et .
Proof. It suffices to show that there exists
Observe that there exists a formal scheme Uétale over X with special fibre
. This completes the proof.
Constructible sheaves
We fix a prime number l which is coprime to the characteristic of the residue fieldk of k. Let Λ := Z/ℓ n Z.
Definition 3.1. Let X be a fine k-adic space and F be a sheaf of Λ-modules on
The sheaf F is constructible if for every complete algebraically closed nonArchimedean field extension L and every morphism of fine L-adic spaces f : 
) is a complex whose cohomology is constructible and hence F ′ is an object of Con(X f et , Λ).
such that for every complete algebraically closed non-Archimedean field extension L and every morphism of fine L-adic Let f : X → Y be a morphism of fine k-adic spaces and let 
. By Raynaud's theorem, there exists a formal model X of X and a morphismf : X → Y such that f =f η . The argument in Lemma 2.34 shows that
The proof that Rf ! preserves semi-constructible complexes follows the same argument as above, making use of Theorem 5.4.6 in loc.cit.
Proposition 3.7. Let f : X → Y be a morphism of fine k-adic spaces and let
the projection morphism and L is a non-Archimedean algebraically closed complete field extension of k. We must show that g 
, it suffices to show that semi-constructibility is stable for pushforwards. This is accomplished by Lemma 3.6.
The proof that Rf ! preserves constructible complexes follows the same argument as above. In place of the quasi-compact base change theorem, we use Theorem 5.4.6 in loc.cit.
Due to the fact that fine adic spaces are in general highly non-noetherian topological spaces, it means that skyscraper sheaves have no chance of being Huber constructible, as the following example shows. On the other hand they are constructible.
Example 3.8. We give an example of a constructible sheaf which is not Huber constructible. Take a closed point of type (1), i : x ֒→ Spa(k T , k 0 T ). Then i ! Λ is constructible by Proposition 3.7. However we claim that x is not a globally constructible subset of X := Spa(k T , k 0 T ). That is we claim that there does not exist U, V ⊂ X open and retrocompact in X such that
It suffices to show that X\x is not quasi-compact. Suppose it is. Then the image of X\x under the continuous retraction X → X Berk is also quasi-compact. But X Berk \x cannot be compact because x is not open in X Berk (for the Berkovich topology).
Remark 3.9. It is clear from the definition that constructibility is stable for pullbacks. In general this is not the case for semi-constructibility, cf. §4.3. 
the projection morphism and L is a non-Archimedean algebraically closed complete field extension of k, we have that H i (Y, g * (F )) is finite for every i ∈ N.
3.1. Properties of constructible sheaves. Recall that in the theory ofétale cohomology of algebraic varieties, constructibility is anétale local condition. We show that analogous statements hold true in the context of (semi)-constructible sheaves as defined above on fine adic spaces.
3.1.1. An inductive construction. Let X be a separated formal scheme of finite type over k 0 . Suppose that the canonical morphism
η is the one-dimensional unit disc. Let t be the Gauss-point of U 
Lemma 3.11. In the situation of the preceding paragraph, for any q ≥ 0, there is a canonical isomorphism
Proof. This is analogous to the proof of [7, Proposition 4.6(ii)]. The proof crucially uses Lemma 4.4(i) in loc.cit. and the analogous statement required in our setup is the following: Let X be a separated finite type L-adic space and F a sheaf on Xé t which takes values in the category of Λ-modules (in this situation we do not demand that L be algebraically closed but only complete). Let L a be an algebraic closure of L. We set
The next result states that constructibility is anétale local condition. The key step is to show a converse to Corollary 3.10. 
Proof.
(1) We deduce from Corollary 3.10 that it suffices to prove the reverse implication: Let F be such that for every complete algebraically closed nonArchimedean field extension L and every morphism of fine L-adic spaces f : V → X L , we have that RΓ(V, f * • p * L (F )) has finite cohomology. Then we show that F is constructible. Let X is a formal model of X. It suffices to show that Rψ X (F ) is constructible. Since constructibility is local for the Zariski topology, we reduce to when X is affinoid and X is an affine formal scheme.
We proceed by induction on
Note that Spec(A) is the disjoint union of a finite number of points and thus we can reduce to the case that it is a single point. Since Spec(A)é t is equivalent to Spec(A red )é t , we can assume that A is a field. In this case Rψ X is just the global sections functor, which is finite by assumption.
Suppose that d ≥ 1 and that the claim is true for formal schemes whose generic fibre has dimension at most d − 1. We take a closed immersion
. . , T N ) to the formal affine scheme U N . It gives rise to a closed immersion of the affine schemes X s to U N s overk. Let p i be the ith-projection from U N → Spf(k 0 T i ). As in 3.1.1, we have the morphism λ :
By Lemma 3.11 there is a canonical isomorphism
We apply our inductive hypothesis to get λ * s (R q ψ X (F )) is constructible. We deduce using [14, Lemma 3.5] that there exists a constructible sheaf H q ⊂ R q ψ X (F ) such that the local sections of the quotient R q ψ X (F )/H q are of finite support. We follow the argument in SGA 4.5 to show that R q ψ X (F ) is constructible provided H q (X, F ) is finite. We have a spectral sequence
We take the image of these abelian groups in the quotient of the category of abelian groups by the thick sub-category of finite abelian groups. It follows that
and
This completes the proof of part (2). (2) To prove (2), we use (1) and deduce that it suffices to show that H q (X, F ) is finite for all q. This must follow from the fact that F is locally constructible and the space is fine. More precisely, we can use Cech cohomology associated to a finite refinement of the cover U := {U i → X} i to conclude the finiteness statement we are looking for. Indeed, recall that we have the following spectral sequence
where H q (F ) is the presheaf given by U → H q (U, F ) where U → X is an element of the fine site. By Lemma 3.10, we get that H q (F ) takes values in the category of finite Λ-modules. Furthermore, since X is fine, the cover U can be refined to a finite cover and hence we see that H p+q (X, F ) is finite.
The
Proof. We need only prove the reverse implication. We may assume that X is affine. We proceed by induction on the dimension of X. Let i : X ֒→ A
3.2.
Semi-constructibility is anétale local property. Lemma 3.14. Let X and Y be fine k-adic spaces. Let f : Y → X be a surjectivé etale morphism. There exists a finite affinoid cover {U i } of X such that for every i, there exists an affinoid space V i ⊂ Y and the map f |Vi : V i → U i is finite.
Proof. By [19, Corollary 1.7.4], f is locally quasi-finite. Since it is quasi-compact, it is also quasi-finite. Let x ∈ X be a maximal point. Since f is surjective, there exists a maximal point y ∈ Y such that f (y) = x. By Proposition 1.5.4 in loc.cit., there exists affinoid neighbourhoods V x of Y and U x of X such that f (V x ) ⊂ U x and f |Vx : V x → U x is finite. Hence, there exists a family {U x } x∈X an of affinoid open subspaces of X such that {U an x } covers the associated Berkovich space X an . Since X an is compact, we can replace {U an x } with a finite sub-cover {U an i } 1 ≤i≤m . It follows that that {U rig i } is an admissible cover of X rig and hence we get that {U i } 1≤i≤m is a cover of the adic space X which satisfies the assertion of the lemma. 
-module on X and we have the following isomorphism.
where Γ G X (−) is the functor that sends a Λ[G]-module G to the sheafification of Λ-sub module of G-invariants which is defined by U → G (U )
G . We can extend the construction of the nearby cycles functor to obtain a functor
) whose derived functors we denote
We claim the following isomorphism.
Hence to verify the claim, we need to check that Γ
Let G := f * f * (F ). By the claim above and (2),
Proposition 3.16. Let X be a fine k-adic space and {U i → X} be anétale cover of X by fine k-adic spaces. Let F be a sheaf of Λ-modules on X f et such that for every i, F |Ui is semi-constructible. Then F is semi-constructible.
Proof. Let X be a formal model of X. It suffices to show that Rψ X (F ) ∈ D b c (X, Λ) to conclude a proof. Given U i → X an element of the cover, we can apply Lemma 3.14 to the map {U i → im(U i )} and hence suppose that the cover {U i → X} is 
The claim follows since F |Vi is semi-constructible and by choice of X ′ , {V i } i is a cover. We can conclude the proof since Rb s * • Rψ X ′ ≃ Rψ X .
Adic Verdier dual
As stated in the introduction, Proposition 4.2 shows that the adic Verdier dual is compatible with the nearby cycles functor and the classical Verdier dual on varieties.
Recall from Theorem 2.25 that when given a morphism φ : X → Y of fine k-adic spaces, Huber defined a functor
We use D ad (F ) to denote the adic Verdier dual of F and define it to be the complex R Hom (F , p
and let f : U → X be an element of the fineétale site of X. Let U be any formal model of U . Then we have that
where p U : U → k is the structure morphism. In particular RΓ(U s , D(Rψ U (f * F ))) is independent of the choice of formal model U.
Proof. This is a direct calculation. Let h : U → Spf(k 0 ) and h s := h s : U s → Spec(k). We use h = h η to denote the generic fibre of h, so that h = p X • f . Evaluating D ad (F ) for anétale morphism f : U → X, we obtain
where (1) follows from the definition of the adic Verdier dual, (3) follows from the fact that f isétale, (4) follows from Lemma 4.6, (5) follows from the adjointness of Rh ! and h ! , (6) follows from triviality of nearby cycles on Spa(k), (7) follows from Lemma 2.34, (8) follows from the adjointness of Rh s,! and h Theorem 4.4. Let X be a fine k-adic space. Let X be a formal model of X. The adic Verdier dual satisfies the following properties.
(1) Let X s denote the special fibre of the formal scheme X. Observe that it suffices to show that for everyétale morphism p s : Y s → X s and every Λ-sheaf F on Xé t , we have a natural isomorphism
We have a natural isomorphism of sites X s,ét ≃ Xé t . It follows that there exists anétale morphism of formal schemes p : Y → X such that the induced morphism between the respective special fibres coincides with p s . Let p : Y → X be the morphism p η between the respective generic fibres. Since p isétale, we get that p isétale.
Observe that
The quasi-isomorphism (2) follows from the fact that p s isétale, (3) is because of the composition of derived functors, (5) (2) follows by manipulating the equalities from part (1). By (1), we get that
We verify the equality by evaluating the given expressions at an object f : U → X of theétale site of X. We claim that
Indeed, by part (2) and the fact that the classical Verdier dual is an invo-
Hence we get that
Since for a complex G on Ué t , we have that RΓ(U, G ) ≃ RΓ(U s , Rψ U (G )), cf. [7, Corollary 4.5] . This implies the claim.
Remark 4.5. One of the important features of the theory ofétale cohomology for varieties is the fact that when restricted to the class of constructibleétale sheaves, the Verdier dual interacts nicely with the functors Rf ! , f * , f * and f ! . We deduce as simple consequences of Theorem 4.4, similar results for the adic Verdier dual and the class of semi-constructible complexes of sheaves on a fine k-adic space.
. By [19, Theorem 5.5.9(ii)], we have the following projection formula.
Using the formula above, the proof is the same as the proof of Lemma 5.8. Part (2) is a direct consequence of (1). Part (3) follows from the adjointness of Rf ! and Rf * . 
Proof. 
where the second equation follows from part (3) 
The result follows from the fact that semi-constructible sheaves are reflexive. 
4.1.
Huber constructible is not stable for upper shriek. We provide an example of a morphism p X : X → Spa(k) of fine adic spaces such that p ! X (Λ) is a complex whose cohomology is not Huber constructible. In the next section however (cf. §4.2) we show that the dualizing complex is constructible. Using Lemma 4.8, we choose a suitable singular curve C such that H −2 (p ! C ad (Λ)) is trivial with respect to a stratification of the form {U ad , {x}} where U is a Zariski open subset of C and x is a k-point. Since a closed point cannot be a Huber constructible set, we obtain the counterexample we are looking for. The idea for the above construction was suggested to us by R. Huber.
Lemma 4.8. Let C be a one-dimensional proper scheme over an algebraically closed field k and assume that ℓ is prime to char(k). Setting Λ = Z/ℓZ and p C : C → k, the structure morphism, the dualizing complex sits in an distinguished triangle 
We have the following triangle
Note that D ad (F ) is semi-constructible and hence reflexive. We apply D ad to the triangle above to obtain
By Corollary 4.7, we get
For the next part note that j : U → X is partially proper. We have that
Here we see that the quasi-isomorphism (i) follows from the adjointness of j ! and j * . The quasi-isomorphism (ii) can be deduced from the projection formula [19, Lemma 5.5.9(ii)] using the same steps as in the proof of Lemma 5.8. Lastly, the quasi-isomorphism (iii) is obtained from the reflexivity of the sheaf F . 
Proof. We proceed by induction on the dimension dim(V ) of the variety V . Let j : U → V be a Zariski dense open smooth sub-variety of V and let i : Z := V U → V be the inclusion of the complement of U into V . We add the super script ad to i and j to denote the respective adifications. It is well known from the classicalétale cohomology theory for varieties that we have 
Hence applying µ * V to the triangle above gives i
By Lemma 4.9 and the fact that p ! U ad (Λ) = ⊕ t Λ[2d t ], we get the following triangle i
Since the maps above are natural, we get that p Proof. Let C be the singular curve in P 2 k given by the homogenous equation
Observe that C has a singularity at the point x := (0 : 0 : 1). Let f :C → C denote the normalization of C. Since the morphism f is finite, f * is exact. A quick calculation shows that the preimage of x inC has two points. Let U := C {x}, j : U ֒→ C and j ′ : U ֒→C be the associated open immersions. We have that Rj * = f * Rj ′ * . Let y be a preimage of x inC. By [2, Exposé VIII, Théorème 5.2], we have that (j ′ * (Λ))ȳ = H 0 (K(y), Λ) where K(y) is the quotient field of the strict henselization of OC ,y . Hence we get that [j * (Λ)]x = Λ ⊕ Λ. This must mean in particular that j * (Λ) cannot be locally constant and is only trivial along the stratification of C given by {U, x}.
By [13] ) adapted to the setting of adic spaces.
First we need a factorization lemma. Lemma 4.13. Let K/k be an extension of algebraically closed non-Archimedean fields. Let X be a fine k-adic space and
the canonical morphism (coming from adjunction)
Proof. By base change for compact support (cf. [19, Theorem 5.5.9(i)]), we have a canonical morphism (given by the counit map)
and by adjunction this gives a morphism g
Proving it is an isomorphism is local for the analytic topology on X ′ , so by Lemma 4.12, we can assume that p X factorises as X i − → Y pY − − → k where Y is a fine k-adic space, i is a closed embedding and p Y is a smooth morphism of pure dimension. Let j : Z → Y be the complement of i, so that we have a distinguised triangle 
Proof. This follows from [19, Theorem 5.4.6] and adjunction.
Since we will be dealing with hypercoverings, what we will really need is a simplicial version of Lemma 4.14. So let us recall and apply some definitions and facts from cohomological descent theory to fine k-adic spaces. Something similar has been done by Berkovich in [9, §1.2] and we refer the reader there for more details. A simplicial object of F ine k−ad is a contravariant functor ∆ → F ine k−ad , where ∆ is the category whose objects are the sets [n] = {0, 1, . . . , n}, n ≥ 0 and morphisms are nondecreasing maps. Such an object is denoted by X • = (X n ) n≥0 , where X n is the image of [n] and X • (f ) denotes the morphism X m → X n that corresponds to a morphism f : [n] → [m]. One can then make sense of theétale site X •ét and thé etale topos X ∼ •ét . Let S be a fine k-adic space. This defines a constant simplicial object S • which corresponds to the functor on ∆ that takes the constant value S. By an augmentation of a simplicial object X • to S, we mean a morphism a = (a n ) n≥0 : X • → S • which is briefly denoted by a : X • → S. If F is anétale sheaf on S, then a * (F ) = (a * n F ) n≥0 is anétale sheaf on X • . The functor F → a * F has a right adjoint a * defined by
where the two arrows are induced by the two morphisms [0] ⇒ [1] . Finally for a morphism of simplicial fine k-adic spaces
we can define ϕ ! and Rϕ ! term by term. 
Proof. By adjunction it suffices to prove a simplicial version of [19, Theorem 5.4.6] :
. This can be checked in each separate degree, where one has an honest cartesian diagram of fine k-adic spaces.
We now turn our attention to specific hypercoverings. We need the following analogue of [9, Theorem 1. Proof. Denote by ω X := p ! X Λ. Since the anaytic Verdier dual preserves semiconstructibility, cf. Theorem 4.4 and the constant sheaf is semi-constructible, it follows that D ad (Λ) = ω X is semi-constructible. Let f : Y → X be a morphism of fine k-adic spaces. By Lemma 4.13 it suffices to show that f * ω X is semi-constructible. Now 
Now by cohomological descent we have Λ ≃ Ra * (Λ) and so by Lemma 4.15 we have f
Since the Z n are smooth, by the previous paragraph we have that f ′! (Λ) is semi-constructible. Finally semi-constructibility is preserved via pushforward and so Ra
is semi-constructible and this proves the result. 
By cohomological descent one has Λ ≃ Ra * a * (Λ) and so by Lemma 4.15,
is again constant and so by the previous paragraph i ′! (a * (Λ)) is constructible. Finally constructibility is preserved via pushforward and so Ra ′ * i ′! (a * (F )) is constructible. This means i ! (Λ) is constructible as promised. Proof. Let h i : X i → X be anétale covering, such that the restriction F | Xi is the constant sheaf associated with a finitely generated Λ-module. Let h Proof. Let g : Z → Y be a morphism of fine k-adic spaces. We have a commutative diagram
where the squares are cartesian. It suffices to show that g 4.3.1. Construction. Let k be of equi-characteristic zero and let X be the adic closed unit disk. Let r n ∈ |k * | be a decreasing sequence of real numbers that tend to zero. For every n, let X n denote the adic closed ball around 0 of radius r n and let h n denote the open immersion X n ֒→ X. We set U n := X n {0} and use j n to denote the open embedding U n ֒→ X n . Let F n := h n * j n! (Λ) and F = ⊕ n∈N F n .
We need a lemma which allows us to calculate the cohomology of closed adic subspaces via tubular neighbourhoods.
Lemma 4.25. Let r > 0 be an element of |k * | and X(r) denote the closed adic ball around 0 of radius r. Let Y be a fine k-adic space and f : Y → X(r). There exists 0 < s < r with s ∈ |k * | such that for every 0 < s ′ ≤ s with s ′ ∈ |k * |, the restriction map
is an isomorphism.
Proof. This follows from [21, Theorem 3.6(a)] by taking the space Y in place of Huber's choice of X, f −1 (0) instead of Z and noting that Λ is oc-quasi-constructible. 
We compute
where ( 
We make use of the notation from the lemma above. For 0 < r < 1 and r ∈ |k * |, let Y (r) denote the By Lemma 4.25, there exists 0 < s < 1 with s ∈ |k * | such that for every 0 < s
We claim that for all n ∈ N such that r n ≤ s, RΓ(Y, f
Lemma 4.29 applied to the triangle
where i n denotes the embedding {0} ֒→ X n , implies that F n = Rh n * j n! (Λ). By Theorem 4.3.1 in loc.cit. and the isomorphism above, f
Observe that we have the following exact sequence on Y (r n )
. This gives us the triangle
We have thus verified the claim.
The claim above implies that
Hence, F is constructible. By Lemma 4.27, the Verdier dual of F is the complex R n h n! Rj n * (Λ [2] ). Finally by Lemma 4.28 the stalk of D ad (F ) at 0 is infinite and it is therefore not constructible.
Lemma 4.27. The Verdier dual of F is the complex (up to a twist) R n h n! Rj n * (Λ[2] ).
. Let i n denote the embedding {0} ֒→ X n . We claim that j n! (Λ) is semi-constructible. Indeed, consider the following distinguished triangle
Since Λ and i n * (Λ) are semi-constructible, we get that j n! (Λ) is semi-constructible as well. It follows that Rh n * (j n! (Λ)) is also semi-constructible. Applying Rh n * to the triangle above and invoking Lemma 4.29, we deduce that Rh n * (j n! (Λ)) ≃ h n * (j n! (Λ)). By Corollary 4.7,
, consider the following isomorphisms,
where the second isomorphism follows by adjointness. Since U n is smooth, we get that p
Proof. Since we assumed the field k to be of equi-characteristic zero, we have that the system of closed disks centred at 0 with radii in |k * | form a fundamental system ofétale neighbourhoods of the origin. Indeed, let Y → X be a fineétale neighbourhood of the origin. By Lemma 3.14, there exists an open affinoid neighbourhood V of the origin and an affinoid open subset U of Y such that U → V is finite. Since the family of closed disks containing the origin forms a fundamental system of open neighbourhoods in the adic topology, we replace V with a closed disk that is contained in it. By [6, Theorem 6.3.2] , and since the field k is of equi-characteristic zero, we get that U → V is the identity map. This shows that the family of adic closed disks around the origin are terminal amongst allétale neighbourhoods of the origin. Hence the claim.
By definition and since R n commutes with taking global sections,
For every n ∈ N, RΓ(X(s), h n! Rj n * (Λ)) has finite cohomology (this is because D ad (F n ) is semi-constructible). Hence by the Mittag-Leffler condition applied to the spectral sequence
we see that
Now by the spectral sequence
Now for s < r n , H 0 (X(s), h n! j n * (Λ)) = Λ and so we see that H 0 (A) is infinite. 
X(r)
an is an open analytic domain of X an and hence an object of the site X 
We provide an example of constructible sheaves F 1 and F 2 on a fine k-adic space such that F 1 ⊗ L F 2 is not constructible. We recall the notation introduced in §4.3.
Let k be of equi-characteristic zero and let X be the adic closed unit disk. Let r n ∈ |k * | be a decreasing sequence of real numbers that tend to zero. For every n, let X n denote the adic closed ball around 0 of radius r n and let h n denote the open immersion X n ֒→ X. We set U n := X n {0} and use j n to denote the open embedding U n ֒→ X n .
For every n ∈ N, let u n : V n ֒→ X n denote an adic closed ball that is defined over k and does not contain 0. Let v n := h n • u n : V n ֒→ X. Let a n , b n be distinct k-points in V n . Let W 1n := V n {a n } and W 2n := V n {b n }. We use w 1n and w 2n to denote the open immersions W 1n ֒→ V n and W 2n ֒→ V n . Let
We begin by showing that the sheaf F 1 is constructible.
Lemma 4.33. Given r ∈ R, let X(r) denote the closed unit adic ball around 0 of radius r with r ∈ |k * |. Let Y be a fine k-adic space and f : Y → X(r) be a morphism of k-adic spaces. There exists 0 < s < r such that for every 0 < s ′ ≤ s and every i ∈ N, R i f * (Λ) is a locally constant sheaf of finite type when restricted to X(s ′ ) {0}.
Hence it suffices to show that if i ∈ D := {1, . . . , d} then there exists a closed disk U around 0 such that R i f * (Λ) |U {0} is locally constant of finite type. Now note that the set of adic closed disks centred at 0 forms a fundamental system of open neighbourhoods of 0 for the adic topology. This follows from the explicit description of compact neighbourhoods for the Berkovich analytic topology of the closed disk as implied by [5, Proposition 1.6] . Although the reference doesn't concern adic spaces, one can still apply it since it only suffices to describe the affinoid open subspaces of X and these correspond to Berkovich affinoid domains of X via the equivalences in §2. Lemma 4.34. Let Y be a fine k-adic space and f : Y → X be a morphism of k-adic spaces. There exists n 0 ∈ N such that for every n ≥ n 0 , the restriction map
Proof. By Lemma 4.33, there exists n 0 ∈ N such that for every i ∈ N and n ≥ n 0 R i f * (Λ) |Vn is locally constant. By [6, Theorem 6.3 .2], we get that
We have the following spectral sequence
Since R q f ′ * (Λ) is constant and V n is a closed k-adic disk, we know that
. By the quasi-compact base change theorem (cf. [19, Theorem 4.3 
Proof. For L/k an extension of algebraically closed non-Archimedean fields (extending the absolute value of k) we have a diagram (where each square is cartesian)
) is finite. By Lemma 4.34, there exists n 0 ∈ N such that for every n ≥ n 0 , the restriction map
is an isomorphism. We claim that for all n ∈ N such that n ≥ n 0 , RΓ(Y, f * (F 1n )) = 0. Let Y Vn := Y × X V n and Y an be the fibre over a n . By [19, Proposition 5 
The claim above implies that
Hence, F 1 is constructible since for every n ∈ N, F 1n is constructible and hence
We have thus shown that both F 1 and F 2 are constructible. We now show that
Proof. We deduce from the definitions of F 1 and F 2 that
Hence for every i ∈ N,
is the hyper-cohomology. By Lemma 4.37, we get that for all n,
Let n ∈ N. To simplify notation, we write
Lemma 4.37. We have that
Proof. By definition,
Let V n = (X, |V n |) be the closed pseudo-adic subspace [19, Definition 1.10.8 (i)] where |V n | is the topological space which is the closure of |V n | in |X|. Letv n : V n ֒→ X denote the associated closed embedding. Observe that supp(G ) ⊂ V n . By [19, Lemma 1.10.17 (i) ],v n is proper and hencev n * =v n! . It follows thatv n * is exact. Furthermore, one checks at stalks that we have an isomorphism G ≃v n * G |Vn . In particular, it suffices to show that H 1 (V n , G |Vn ) is not zero.
Observe that p n : V n ֒→ V n is an open embedding whose complement is the pseudo adic space x := (X, |V n | |V n |). Let i x : {x} ֒→ V n be the closed embedding of pseudo-adic spaces. Consider the following exact sequence associated to the open embedding V n ֒→ V n :
Observe that the open embedding v n : V n ֒→ X factors through the closed embedding V n ֒→ X via the map p n . Hence, for every
. Applying Lemmas 4.38 and 4.39, gives the following long exact sequence :
Since the map Λ → Λ ⊕ Λ cannot be surjective, we get that H 1 (V n , G |Vn ) cannot be zero.
Lemma 4.38. We have the following isomorphisms.
(
Proof. Recall that the derived tensor product commutes with pullbacks i.e. the identity g
One deduces from this that G |Vn {an,bn} is the constant sheaf Λ and G an = G bn = 0. Hence we see that
n is the open immersion V n {a n , b n } ֒→ X. On V n , we have the following exact sequence
→ 0 where we abuse notation and use i an to denote the closed embedding a n ֒→ X as well. Applying the global sections functor gives a long exact sequence in cohomology. Hence, it suffices to determine H j (X, v n! (Λ)) for all j ∈ N. Since V n embeds into X, we see that Lemma 4.39. Recall the notation introduced in Lemma 4.37. Let x be the pseudoadic space (X, |V n | |V n |) and let i x : {x} ֒→ V n be the closed embedding of pseudo-adic spaces. We have the following isomorphism
Since pullbacks commute with derived tensor products, we get that 
. This is because v n can be seen as the composition of p n : V n → V n and V n ֒→ X. Hence we see that
We claim i * x v n * Λ ≃ Λ. We first show that H 0 (x, i * x v n * Λ) = Λ. Consider the following exact sequence on V n :
where p n : V n ֒→ V n . Applying the derived functor RΓ(V n , −) gives a long exact sequence in cohomology. Note that H m (V n , p n! (Λ)) = H m c (V n , Λ). In Lemma 4.38, we saw that H m c (V n , Λ) = 0 if m = 2 and is equal to Λ if m = 2. Since V n is connected, we get that H 0 (V n , p n * Λ) = H 0 (V n , Λ) = Λ. The long exact sequence proves that H 0 (x, i * x v n * Λ) = Λ. By [19, Theorem 8.3.5] , the sheaf v n * (Λ) is the pullback of a sheaf on theétale site of the Berkovich space X an (the Berkovich analytic unit disk). Hence v n * (Λ) is overconvergent. Let x be a geometric point over x and let y be the unique generalization of x. By definition of overconvergence, we have a bijection [v 
where y is a geometric point over y that generalizes x. Since y ∈ V n , we get that [v n * (Λ)] y = Λ and hence [v n * (Λ)] x = Λ as a set. By Proposition 2.3.10 in loc.cit., the topos associated to the site {x}é t can be identified with the topos associated to Spec(k(x) h )é t where k(x) h denotes the henselization of the field k(x) with respect to k(x)
+ . Hence, we can identify sheaves on {x}é t with G := Gal(k(x) h,sep /k(x) h )-modules where the identification takes a sheaf on {x}é t and sends it to the stalk at x. Furthermore, we see that for a sheaf
x v n * (Λ)) = Λ and [v n * (Λ)] x = Λ, we get that G acts trivially on [v n * (Λ)] x . This proves the claim and by equation (7), we see that i * x (G |Vn ) ≃ Λ.
Reflexivity
Recall from [3, Exposé XVIII, Théorème 3.1.4] that if g : Z ′ → Z is a morphism of varieties over an algebraically closed field L then there exists a functor g ! :
is the structure map.
Definition 5.1. Let L be an algebraically closed field and let Z be an L-variety.
An object F ∈ D b (Zé t , Λ) is said to be reflexive if the canonical map
is an isomorphism. Likewise, if X is a fine k-adic space and
Our results from §4 let us connect reflexive sheaves on the fineétale site of a fine k-adic space X and reflexive sheaves on the special fibre of any of its formal models via the nearby cycles functor. The precise statement is the following. Proof. We begin by proving part (1). Suppose F is reflexive and U → X is ań etale morphism of fine k-adic spaces. Let U be a formal model of U . We must verify that Rψ U (F |U ) is reflexive on U s,ét i.e.
By part (2) in Theorem 4.4, we see that
By part (2) of Lemma 4.6,
Since F is reflexive, we get that F ≃ D ad • D ad (F ) which completes the proof of (1).
We now prove part (2) . We must show that F is reflexive. It suffices to prove that if U → X is anétale morphism of fine k-adic spaces then
Our goal is to study Conjecture 5.3 which provides a classification of the class of reflexiveétale sheaves on a variety X over k. In what follows, we show that the conjecture holds true at least in certain specific instances.
Lemma 5.6. The following statements are equivalent.
(1) Let X be a k-variety. Anétale sheaf F of Λ-modules on X is reflexive if and only if it is constructible. (2) (a) Let X be a k-variety. Let F be a reflexiveétale sheaf of Λ-modules.
Suppose we have a k-morphism f : X → A (b) Let X be a k-variety. Let F be a reflexiveétale sheaf of Λ-modules on X. Suppose F is the direct sum of skyscraper sheaves. Then F is constructible.
Proof. It suffices to verify (a) + (b) implies (1) . For an open immersion f : U → X we have that
where (i) and (iii) follow from Lemma 5.8(2); and (ii) and (iv) follow from the fact that f isétale. Thus we see that the property of being reflexive is local for the Zariski topology on X. Hence we can assume that X is a connected affine k-variety.
We proceed by induction on dim(X). If dim(X) = 0, the site Xé t is equivalent to Spec(A)é t where A is a finite k-algebra. Note that Spec(A) is the disjoint union of a finite number of points each of which is open in X for the Zariski topology. Since reflexivity is preserved for pullbacks along open immersions, we can reduce to the case that X is a single point. Since Spec(A)é t is equivalent to Spec(A red )é t , we can assume that A is a field. The case X = Spec(k) is well known. Let us assume the following. For every algebraically closed field extension K of k and every K-variety Y of dimension strictly less than dim(X), a reflexive sheaf G on Y is constructible.
By construction, there exists an immersion h :
k be the projection onto the i-th coordinate and p
is reflexive.
Then by our induction hypothesis, we have that F |X× A 1 k(η) is constructible. It follows from [14, Lemma 3.5] , that there exists a constructible sheaf G ⊂ F such that the local sections of H := F /G have finite support. By Lemma 5.15, H is the direct sum of skyscrapers sheaves. Since G is constructible, it is reflexive. It follows that H is reflexive. By (b), H is constructible, from which it can be deduced that F is constructible. 
(1) It suffices to show that for any C ∈ D b (Xé t , Λ).
By [3, Exposé XVII, Proposition 5.2.9], we have
(2) Part (2) follows directly from part (1).
Calculation for skyscraper sheaves.
In this section we prove Statement (B) from Lemma 5.6. For the rest of this section we write
where X(k) is the set of closed points of X, i x : x ֒→ X is the inclusion and M x is a Λ-vector space. We begin with a general lemma.
Lemma 5.9. Suppose G = ⊕ i∈I G i is a reflexive sheaf on X, where I is any indexing set. Then G i is also reflexive.
Proof. This is a purely category theoretic result. For F ∈ D b (Xé t , Λ), we denote by δ F : F → DDF the canonical morphism. Since we are working in a triangulated category, if δ F is a monomorphism and an epimorphism then it is an isomorphism. Let i : G i → G and π : G → G i be the canonical morphisms. Note that π • i = id Gi . Thus i is a monomorphism and π is an epimorphism.
We have the commutative diagram
where by assumption δ G is an isomorphism. Thus δ Gi is a monomorphism. Similarly we have the commutative diagram
where DDπ satisfies DDπ • DDi = id DDGi and so DDπ is an epimorphism. Hence δ Gi is an epimorphism. We have shown that δ Gi is both a monomorphism and an epimorphism and hence it is an isomorphism.
Proof. It is enough to prove it for group Ext, that is Ext i (G , p ! X Λ) = 0. In this case, the result follows by duality i.e.
Lemma 5.11. Suppose k is countable. Recall that we assumed F := x∈X(k) i x * M x . We will suppose in addition that for every x ∈ X(k), M x is finite dimensional. We have that R Hom (F , p
Since k is countable, X(k) is a countable set.
The Mittag-Leffler criterion, cf. [28, Tag 0940, Lemma 21.22.5] now implies that
Proposition 5.12. Let X be a variety over the algebraically closed countable field k. Let F = x∈X(k) i x * M x be anétale sheaf on X. If F is reflexive then F is constructible.
Proof. By Lemma 5.9, for every x ∈ X(k), M x is a finite dimensional Λ-vector space. By Lemma 5.11, we have
(where M ∧ x is the dual vector space) and since F is reflexive the canonical morphism (8) gives an isomorphism
Let H be the quotient of the canonical morphism
By taking R Hom (−, p ! X Λ), the long exact sequence associated to Lemma 5.10) shows that the morphism
is surjective. Summarizing we have a commutative diagram of sheaves
where the bottom arrow is an isomorphism by Lemma 5.11. It follows that the left hand vertical arrow is surjective and so there are only finitely many x ∈ X(k) for which M x = 0. Thus F is constructible.
Remark 5.13. Both Lemma 5.11 and Proposition 5.12 hold true under the more general assumption (without assuming k is countable) that I := {x ∈ X(k) |M x = 0} is countable.
We now come to the main result of this section.
Corollary 5.14. Let X be a variety over the algebraically closed field k. Let F = x∈X(k) i x * M x be anétale sheaf on X. If F is reflexive then F is constructible. Proof. We set I := {x ∈ X(k) |M x = 0}. Suppose for the sake of contradiction that I is infinite. Then I contains an infinite countable subset J ⊂ I and by Lemma 5.9 we see that G := x∈J i x * M x is reflexive. This contradicts Remark 5.13.
We close this section with a classification result. Proof. We begin by making the following claim. Since the sheaf G has all of its local sections having finite support, the support of G is only on closed points. Indeed, suppose there exists x ∈ X such that G x = 0 and x is not a closed point. It follows by definition that there exists anétale neighbourhood f : U → X of x and s ∈ G (U ) such that the image of s in G x is not zero. Observe that supp(s) ⊂ U is a Zariski closed subset. Let x ′ be an element in U such that x ′ → x. It follows by assumption on x that {x ′ } ⊂ supp(s) where {x ′ } is the Zariski closure of x ′ . Observe that {x ′ } is an algebraic variety whose dimension is strictly greater than zero. Since the field k is algebraically closed, it is in particular infinite. Hence, {x ′ } contains an infinite number of points. This implies that supp(s) contains an infinite number of points.
Consider the morphism G → x∈X(k) i x * G x which for anétale morphism V → X, s ∈ G (V ) gets sent to (s x ) x∈X(k) . This is a well-defined morphism because s x is zero except for a finite number of points x. It is clearly an isomorphism (checking at the level of stalks for closed points, noting that taking stalks at closed points commutes with colimits).
5.3.
Calculation for direct sum of constructible sheaves. Let X be a smooth affine curve over k and suppose that k is of positive characteristic (we will return to the characteristic zero case later, the proof differing to the positive characteristic case). We show that Conjecture 5.3 above is true in a particular case.
In this section we assume that F is a direct sum of local systems. For the rest of this section we write
where L i are local systems corresponding to (finite) dimensional F l -representations V i of π 1 (X). We assume that the index set is the positive integers N. We denote by L ∧ i := Hom (L i , Λ). The spectral sequence
degenerates at the 2nd page, cf. [28, Tag 07A9]. The possible non-zero terms on the 2nd page are
Assuming F is reflexive, we get that 
Proposition 5.16. Let X be a smooth affine curve. For every i ∈ N, let L i be a finite local system on X such that ⊕ i L i = i L i . We suppose in addition that
Suppose, ⊕ i L i is a reflexiveétale sheaf. Then we must have that for all but finitely many i ∈ N, L i = 0. In particular, ⊕ i L i is constructible.
Proof. Our discussion concerning the spectral sequence above shows that the reflexivity of ⊕ i L i implies that
We claim that E xt
By assumption, i L 
Thus we get that for every U → Xétale,
This must mean that for all but a finite number of i ∈ N, we get H 1 (U, L i ) = 0. We claim that this is not possible if there are infinitely many i such that L i = 0. We argue by contradiction. Indeed, since the canonical morphism 
Swan xm (L i ).
Since H 0 (V, L i | V ) = 0 for all i > N (V ), (11) shows that the dimension of H 1 (V, L i | V ) is at least |X\V | − 2 provided L i = 0. Hence we get a contradiction.
We immediately obtain a stronger result in the case X = A is not empty. That is the existence of a countably infinite family (L i ) i∈N of nonzero local systems on a k-variety such that ⊕ i∈N L i ≃ i∈N L i and ⊕ i∈N L ∧ i ≃ i∈N L ∧ i . Lemma 5.18. Let X be a k-variety and let L be a local system of Λ-modules on X. Suppose L corresponds to a π 1 (X)-representation that factors through a finite group G whose order |G| is coprime to the prime ℓ. If L (X) = 0 then L ∧ (X) = 0.
Proof. The local system L corresponds to a finite π 1 (X)-representation which we denote V i.e. V is a Λ-module endowed with an action by π 1 (X). We have that
Hence there exists a non-trivial sub-representation W ⊆ V on which π 1 (X) acts trivially. By assumption, the action of π 1 (X) on V factors through a finite quotient G whose order |G| is coprime to ℓ. By Maschke's theorem, there exists W ′ ⊆ V such that V = W ⊕ W ′ as G-representations. Hence we see that V ∧ = W ∧ ⊕ W ′∧ . Since G acts trivially on W , we see that W ∧ ≃ W (as G-representations) and hence
and hence L ∧ (X) is not trivial.
The following example was inspired by a discussion with Pierre Deligne and shows that the hypothesis in Proposition 5.16 is not empty.
Example 5.19. We provide an example of a countably infinite family (L i ) i∈N of non-zero local systems on a k-variety such that ⊕ i∈N L i ≃ i∈N L i and ⊕ i∈N L ∧ i ≃ i∈N L ∧ i . Let k be algebraically closed of characteristic p such that p divides ℓ − 1. Let χ : F p → (Z/ℓZ) * be a non-trivial character. Let X := A 1 k . By [29, Remark 5.8.6 ], Hom(π 1 (X), F p ) is infinite (here the morphisms are continuous group homomorphisms, with the discrete topology on F p ). Let {φ i : π 1 (X) → F p } i∈N be a family of distinct elements of Hom(π 1 (X), F p ). For every i, let L i be the rank 1 local system defined by the (Z/ℓZ) * character given by the composition
By Lemma 5.18, it suffices to verify that if U → X is anétale morphism of connected varieties then the set of i ∈ N such that L i (U ) = 0 is finite. Let V i denote the
. Since, L i is of rank one, we get that V π1(U) i is either V i or 0. If V π1(U) i = V i then π 1 (U ) acts trivially on V i and hence by construction π 1 (U ) lies in the kernel of the map π 1 (X) φi −→ F p . Let U i → X be the finiteétale cover of X that trivializes L i i.e. π 1 (U i ) is the kernel of the homomorphism φ i : π 1 (X) → F p . It follows that if k(U ), k(U i ) and k(X) denote the function fields of U , U i and X then since π 1 (U ), π 1 (U i ) and π 1 (X) can be identified with quotients of Gal(k(X) sep /k(X)), we get from the Galois correspondance that the field extension k(X) ֒→ k(U ) factors through the extension k(X) ֒→ k(U i ) and an extension k(U i ) ֒→ k(U ). As U → X isétale, the field extension k(X) ֒→ k(U ) is finite and separable (in particular, by the primitive element theorem, it only has a finite number of intermediate fields). The family {U i → X} i is a countable set of distinct p-covers and hence the corresponding family of field extensions {k(X) ֒→ k(U i )} are pairwise non-isomorphic. It follows that there can be only finitely many i such that k(U i ) embeds into k(U ). We have thus shown that there are only finitely many i such that L i (U ) = 0.
Finally we specialize to the case X = A 1 k , where the characteristic of k is zero. In this case the finite local systems on X are constant and we claim that i∈N Λ cannot be reflexive. But H 1 (U, Λ) is a finite Λ-vector space, and hence the underlying set is finite say {s 1 , s 2 , . . . , s m }. Each s i corresponds to a Λ-torsor V i → U which is trivialized by a covering U i → U . However the sections then vanish in
Hence the associated sheaf is zero. where the Hom on the RHS of (13) is in the category of Λ-vector spaces. We explain why (13) is true. Let α ∈ Hom Shé t (A 1 k ,Λ) ( i∈N Λ, Λ). For anétale morphism U → A ) determines the morphism on local sections (i.e. α U ). Conversely α A 1 k is a morphism of vector spaces i∈N Λ → Λ and clearly any such morphism gives rise to a unique morphism of sheaves. Now (12) and (13) imply that Hom Λ ( i∈N Λ, Λ) = i∈N Λ and this implies that the infinite dimensional vector space i∈N Λ is reflexive, which is a contradiction.
